Abstract. A 1-avoiding set is a subset of R n that does not contain pairs of points at distance 1. Let m 1 (R n ) denote the maximum fraction of R n that can be covered by a measurable 1-avoiding set. We prove two results. First, we show that any 1-avoiding set in R n that displays block structure (i.e., is made up of blocks such that the distance between any two points from the same block is less than 1 and points from distinct blocks lie farther than 1 unit of distance apart from each other) has density strictly less than 1/2 n . For the special case of sets with block structure this proves a conjecture of Erdős asserting that m 1 (R 2 ) < 1/4. Second, we use linear programming and harmonic analysis to show that m 1 (R 2 ) ≤ 0.258795.
Introduction
The unit-distance graph in R n is the graph whose vertex set is R n and in which x and y are adjacent if x−y = 1. A well-known problem in geometry, going back to Nelson and Hadwiger (see Soifer [11] for a historical survey), asks for the chromatic number χ(R n ) of the unit-distance graph in R n . A related problem considers independent sets of the unit-distance graph. Let G = (V, E) be a graph. A set I ⊆ V is independent if it does not contain a pair of adjacent vertices. The independence number of G, denoted by α(G), is the maximum cardinality of an independent set.
A set A ⊆ R n is independent in the unit-distance graph if it does not contain pairs of points at distance 1, that is, x − y = 1 for all x, y ∈ A. We also say that A avoids distance 1 or that it is a 1-avoiding set. Independent sets of the unitdistance graph can have infinite cardinality, so the independence number is infinite. A better measure for the size of an independent set in this case is its density, that is, the fraction of space that it covers (see §1.1 for a rigorous definition). So we ask the question: what is the maximum fraction of R n that can be covered by a measurable set that avoids distance 1?
We denote this maximum fraction by m 1 (R n ). In §3, we show that m 1 (R 2 ) ≤ 0.258795. This result is related to a conjecture of Erdős (cf. Székely [13] ), stating that m 1 (R 2 ) < 1/4. Determining χ(R n ) is a difficult problem. Even for the Euclidean plane, all that is known is that 4 ≤ χ(R 2 ) ≤ 7. The upper bound comes from a simple periodic coloring of R 2 , whereas the lower bound comes from a finite subgraph of the unit-distance graph, the Moser spindle (cf. Moser and Moser [8] ), whose chromatic number is 4 (see Figure 1 ).
Figure 1.
On the left, the Moser spindle [8] . Each segment has length exactly 1. On the right, the optimal tortoise in Croft's construction [2] .
In view of the difficulty of computing χ(R n ), Falconer [3] introduced the measurable chromatic number, denoted by χ m (R n ), in which the restriction is added that the color classes must be Lebesgue-measurable sets. In other words, one wishes to partition R n into the minimum possible number of Lebesgue-measurable 1-avoiding sets. Obviously, χ m (R n ) ≥ χ(R n ). Falconer proved that χ m (R 2 ) ≥ 5. Since
showing Erdős' conjecture would give another proof of Falconer's result. A simple lower bound for m 1 (R 2 ) comes from the following construction. Consider the hexagonal lattice with minimal vectors of length 2 and place at each point of the lattice an open disk of radius 1/2. This is a 1-avoiding set of density π/(8 √ 3) = 0.2267 . . .. A slight improvement was given by Croft [2] . His construction is as follows. Shrink the hexagonal lattice slightly so as to have minimal vectors of length 1 + x, where x < 1, and place at each lattice point the intersection of an open disk of radius 1/2 and an open regular hexagon of height x. The disks guarantee that inside each block every distance is less than 1, while the hexagons guarantee that points from different blocks have distance greater than 1. Taking x = 0.96553 . . . maximizes the density of the union of all the blocks, showing that m 1 (R 2 ) ≥ 0.22936. This intersection of a disk with a hexagon has often been called a tortoise; Figure 1 shows an optimal tortoise.
Any finite subgraph G = (V, E) of the unit-distance graph in R n provides an upper bound for m 1 (R n ), namely α(G)/|V |; this can be seen via a simple averaging argument.
1 For the plane, we then immediately have that m 1 (R 2 ) ≤ 1/3, as can be seen from the equilateral triangle. A better bound of 2/7 is provided by the Moser spindle; this is the best upper bound that has been obtained from a finite subgraph.
Using further ideas, Székely [14] proved a bound of ≈ 0.279 < 2/7 ≈ 0.285. Oliveira and Vallentin [9] gave the currently best known upper bound of ≈ 0.268. Their method is based on a mix of linear programming and harmonic analysis; it is a strengthening of it that will be used in §3 to prove that m 1 (R 2 ) ≤ 0.258795. Finally, Frankl and Wilson [4] construct finite subgraphs of the unit-distance graph of R n whose chromatic numbers grow exponentially fast in n. These same subgraphs can be used to provide the asymptotic upper bound
via the averaging argument. The method of Oliveira and Vallentin [9] also provides an exponential upper bound, m 1 (R n ) ≤ (1 + o(1))1.1654 −n , which is somewhat weaker than the bound of Frankl and Wilson. A combination of both arguments, requiring detailed analysis, was used by Bachoc, Passuello, and Thiery [1] to obtain the best known asymptotic upper bound
The behavior of χ(R n ) under restrictions placed on the color classes has also been studied. We have already mentioned Falconer's measurable chromatic number. Other restrictions include requiring all classes to be either open or closed setsin both cases it can be shown that the chromatic number of R 2 is either 6 or 7 (cf. Soifer [11] ).
We may place similar restrictions on 1-avoiding sets and study the behavior of m 1 (R n ). A natural idea is to consider sets with block structure. We say that a set A has block structure if it is a union
of blocks A i , where x−y < 1 if x and y belong to the same block, and x−y > 1 if x and y belong to different blocks.
A set with block structure is therefore a 1-avoiding set. All known constructions of 1-avoiding sets of "high density" are actually constructions of sets with block structure, like for instance the hexagonal lattice construction or Croft's construction. Recall that Erdős conjectured that m 1 (R 2 ) < 1/4. Larman and Rogers, and before them Moser (cf. Larman and Rogers [6] ), made the following conjecture: the volume of a closed 1-avoiding set inside a ball of radius 1 in R n is less than 1/2 n of the volume of the ball. A simple argument shows that this conjecture implies m 1 (R n ) < 1/2 n , and it is therefore a generalization of Erdős' conjecture. In §2 we will show that any subset of R n with block structure has upper density less than 1/2 n .
1.1. Preliminaries and notation. Throughout the paper, |A| will denote the Lebesgue measure of a set A. This is the same notation used for the cardinality of a set, but the meaning will be clear on each application. We have so far talked about the density of a set in an informal way. Here is a formal definition. Let A ⊆ R n be a measurable set. We say that its density is δ(A) if for all p ∈ R n we have
where S(p, r) is the n-dimensional cube of side 2r centered at p. For a set that has a density, the cube can be substituted by any reasonable body, like the ball, say, without changing the resulting density. Not every set has a density, but every set has an upper density
So we may define
A ⊆ R n is 1-avoiding and measurable }.
We say set A is periodic if there is a lattice L ⊆ R n that leaves A invariant, that is, x + A = A for all x ∈ L. Then L is the periodicity lattice of A.
Periodic sets are well-behaved and have densities. Moreover, a simple argument shows that the densities of periodic 1-avoiding sets can come as close as desired to m 1 (R n ) (cf. Oliveira and Vallentin [9] ). So when computing upper bounds for m 1 (R n ) we may restrict ourselves to periodic sets.
Sets with block structure
In any dimension, all known examples of 1-avoiding sets of "high density" are made up of disjoint blocks, i.e., they are sets of block structure as defined in the introduction (however, see the end of this section for an example of a 1-avoiding set of small positive density which does not have block structure).
On the one hand it is natural to consider this class of sets because human imagination of 1-avoiding sets seems to be more or less restricted to this class. On the other hand, it seems very elusive to prove rigorously that a 1-avoiding set of maximum or close to maximum density must be block-structured.
The following theorem, for n = 2, is a special case of the conjecture of Erdős (cf. Székely [13] ) given in the introduction; for n ≥ 3, it is a special case of a conjecture of Larman, Rogers, and Moser (cf. Larman and Rogers [6] ), also discussed in the introduction. Theorem 2.1. Let n ≥ 2 and let A ⊆ R n be a measurable 1-avoiding set having block structure. Then δ(A) ≤ 1/2 n − ε n for some ε n > 0.
In fact, we will prove the following slightly stronger result.
. . ⊆ R n be measurable sets of diameter at most 1 such that the distance of any two of them is at least 1. Then the upper density of
n − ε n for some ε n > 0.
First we present a rather simple proof for the weaker statement when ε n is discarded, that is, we prove first that δ(A) ≤ 1/2 n . Let B r denote the open ball of radius r around the origin and let
It is clear from the assumptions that
To see this, consider any point x on the the boundary ∂C i of C i and for any 0 < ε < 1/2 consider an open ball B(x, ε) around x. As x is on the boundary of C i there exists an open ball B = a + B 1/2 with a ∈ A i such that the distance of x and B is less than ε/2.
The set B ∩ B(x, ε) fully belongs to C i , so it is disjoint from ∂C i . This shows that the density of ∂C i at any point x ∈ ∂C i is at most 1 − c n < 1. This implies, via the Lebesgue density theorem, that |∂C i | = 0.
Applying the Brunn-Minkowski inequality to the compact sets A i , B 1/2 we ob-
Furthermore the sets A i still have diameter ≤ 1 so the isodiametric inequality gives |A i | ≤ |B 1/2 |. By combining these inequalities we get
Since the sets C i are pairwise disjoint, A i ⊆ C i , and A = i A i , this shows that
The plan to show δ(A) ≤ 1/2 n − ε n is the following: If δ(A) is close to 1/2 n then in the above argument we must have that for most i the isodiametric inequality is almost an equality and diam A i is close to 1. By a stability theorem this implies that each such A i is very close to a ball of radius 1/2 and then most of the sets C i = A i + B 1/2 are very close to unit balls. But the density of any unit ball packing is well-separated from 1, and then so is the density of i C i . Since A has density at most 1/2 n in i C i , this implies that the density of A is well separated from 1/2 n . The stability result we use is the following theorem of Maggi, Ponsiglione, and Pratelli [7] . Theorem 2.3. Let E ⊆ R n be a measurable set with |E| > 0 and diam E = 2. Then there exist x, y ∈ R n such that
where B(z, R) denotes the ball centered at z with radius R and
for some constant K n that depends only on n.
Note that for sets of diameter 2 the expression |B 1 |/|E| − 1, which is called isodiametric deficit by Maggi, Ponsiglione, and Pratelli, is nonnegative by the isodiametric inequality and expresses the error in that inequality.
We will need the following simple corollary of the above theorem.
Corollary 2.4. For any n ≥ 2 there exists an increasing function β = β n : (0, ∞) → (0, ∞) with lim ρ→0 β n (ρ) = 0 with the following property. For every measurable E ⊆ R n with |E| > 0 and diam E ≤ 1 there exist x, y ∈ R n such that
where
Proof. By rescaling Theorem 2.3 we get that for any measurable E ⊆ R n with |E| > 0 and diam E < ∞ there exist x, y ∈ R n such that
By the isodiametric inequality we have |E| ≤ |B (diam E)/2 |, so
From the second part of (2), using B(z, a) + B b = B(z, a + b) we get that
Then (4), (5) and (6) show that the function
has all the required properties. Now we are ready to prove Theorem 2.2.
Proof of Theorem 2.2. We fix the dimension n; all constants may depend on it. We will show that if N is large enough then the density of A in [−N, N ] n is at most 1/2 n − ε n for some positive ε n . Suppose without loss of generality that the blocks A i are enumerated so that A 1 , . . . , A m are the ones that have nonempty intersection with [−N, N ] n and so
Then using (1) we get
Let α and ρ be two small positive constants that will be specified later. Let
By (8) , for every i ∈ I we have
n . Therefore we have
First we consider the case when
Using that the sets C i are pairwise disjoint and
we will come back to this expression later. Now we consider the case when
By definition for any i ∈ J we have ρ(A i ) < ρ. By Corollary 2.4 this implies that for any i ∈ J there exist x i and y i such that
Since lim ρ→0 β(ρ) = 0 we can guarantee β(ρ) < 1/2 by taking ρ small enough. Note that the first part of (11) implies (12)
and the second part of (11) implies
Since the sets C i are pairwise disjoint this implies that the balls B(y i , 1 − β(ρ)), for i ∈ J, are pairwise disjoint. Let ∆ n be an upper bound on the density of the union of disjoint balls of the same size in R n . Although the best ∆ n is not known for general n, it is known (and not hard to show) that ∆ n < 1 for n ≥ 2.
Thus the density of i∈J B(
Then, using first (1) then (12) and finally (14) we get that
Let A I = i∈I A i . By (1) and (10) we have
Therefore combining (15) and (16) we get in this case
Finally, choose the positive constants α, ρ and ε n so that β(ρ) < 1/2,
Then by (9) and (17) we get that δ(A) ≤ 1/2 n − ε n in both cases, which completes the proof.
The theorem above suggests that one should try to prove that any 1-avoiding set of "high density" must have block structure. A natural idea is to take any 1-avoiding set A and try to modify it in some manner to obtain a new 1-avoiding setÃ having block structure and at least the same density as A. Unfortunately, we could not prove anything rigorous along this line.
We end this section by presenting an example of a 1-avoiding set of positive (but small) density which does not have block-structure. This example also shows that not every 1-avoiding set of positive density can be modified in a natural way to obtain a new 1-avoiding set that has block structure and larger or equal density.
Consider the scaled integer lattice (cZ)
2)/2 at each lattice point. It is easy to check that the distance between points of disks around adjacent lattice points is less than 1 and the distance between points of disks around nonadjacent lattice points is bigger than 1. Therefore this is a 1-avoiding set without block structure. (In fact, it has block structure in a more general sense: there is a graph between the blocks and two points have distance less than 1 if and only if they are from the same block or from neighbor blocks. Note that every 1-avoiding set has such a structure.) Simple calculation shows that the the density of this example is δ = r 2 π/c 2 ≈ 0.0337.
A better upper bound in the plane
We now show how a strengthening of the method of Oliveira and Vallentin [9] can be used to provide the bound
Let A ⊆ R n be a measurable and periodic 1-avoiding set with periodicity lattice L ⊆ R n . Its autocorrelation function is the function f : R n → R such that
Determining m 1 (R n ) is equivalent to the following optimization problem: find a function f that maximizes f (0) and is the autocorrelation function of a periodic 1-avoiding set. The difficulty here lies, of course, in the fact that we do not know a complete and useful characterization of autocorrelation functions of 1-avoiding sets. We may, however, look for constraints necessarily satisfied by such functions. If we give up on finding autocorrelation functions, but settle for functions satisfying a few of the constraints that autocorrelation functions satisfy, then we get a relaxation of our original problem and an upper bound for m 1 (R n ). The following lemma gives some such constraints. Recall from the introduction that by α(G) we denote the independence number of the graph G.
Lemma 3.1. Let f be the autocorrelation function of a measurable and periodic 1-avoiding set A ⊆ R n . Then:
where C 2 is the set of all pairs of points in C. Proof. For (1) it suffices to observe that, since A is 1-avoiding, if x = 1 then
For (2), we claim that any z ∈ R n belongs to at most α(G) of the sets A − x for x ∈ V . Indeed, say z belongs to all sets A − x i for {x 1 , . . . , x k } ⊆ V . Then for distinct i, j = 1, . . . , k we have that z i − x i = z = z j − x j for some z i , z j ∈ A, implying that z i − z j = x i − x j . Therefore, k > α(G) would mean that there is a pair of points x i , x j adjacent in G, implying that z i − z j = 1, a contradiction since A avoids distance 1.
This observation now gives
and with the definition of the autocorrelation function we have (2) .
Property (3) is a simple application of inclusion-exclusion. We have
and together with the definition of f we are done.
Constraint (2) was observed by Oliveira and Vallentin [9] in the case that the graph G is a clique. Constraint (3) was used by Székely [14] .
Remark 3.2. The autocorrelation function encodes information about pairs of points in the set. We may also consider higher-order correlation functions, that encode information about tuples of points.
For every k ≥ 0, consider the function
where X 1 = X and X 0 = R n \ X. These functions are nonnegative and satisfy the following self-consistency relation: for all k ≥ 1, x 1 , . . . , x k and ε 0 , ε 1 , . . . , ε k−1 we have
Also, similarly to property (1) in the lemma above, we have
whenever there exist indices i, j such that x i − x j = 1 and ε i = ε j = 1. This property, together with the self-consistency relations, imply properties (2) and (3) in the lemma above (we omit the proof of this fact). Therefore, one may regard the self-consistency of higher-order correlation functions as the common source of properties (2) and (3).
In order to construct an optimization problem in which an autocorrelation function of a 1-avoiding set is to be found, it is necessary to parametrize such functions, and a convenient way to do so is via their Fourier series. Moreover, this parametrization will also suggest one further constraint satisfied by autocorrelation functions. All the facts we state from harmonic analysis are quite standard; the reader looking for background is referred to the book by Katznelson [5] .
Given measurable functions f , g : R n → C, write
Seen as a function with domain R n , it is invariant under the action of L: we have f (x + v) = f (x) for all x ∈ R n and v ∈ L. Lattice L is the periodicity lattice of f . Now (19) defines an inner product in the space of square-integrable, complexvalued functions with periodicity lattice L, denoted by
* is f (u) = f, χ u . Since the χ u form a complete orthonormal system, we have the Fourier inversion formula
with L 2 convergence. Let A ⊆ R n be a measurable set with periodicity lattice L. We denote by
It is easy to derive an expression for f (x) for all x ∈ R n . Indeed, since f (x) is given in terms of the inner product (19), and since 1 A−x (u) = 1 A (u)e iu·x , Parseval's identity gives
with convergence for all x. So we see from the inversion formula that f (u) = | 1 A (u)| 2 , which gives yet another constraint satisfied by an autocorrelation function, namely that its Fourier coefficients are all nonnegative. We also say in this case that f is a function of positive type.
Let f ∈ L 2 (R n /L). We may radialize f by averaging it over the sphere or, equivalently, over the orthogonal group. In other words we set
where ω is the surface measure on the unit sphere S n−1 ⊆ R n and µ is the Haar measure on the orthogonal group O(R n ), normalized so that µ(O(R n )) = 1. Notice thatf is radial, i.e., the value off (x) depends only on x . Let Ω n be the function defined over the nonnegative reals which is such that
for all x ∈ R n . Then, using the inversion formula we get
We can rewrite this as
where α(t) is the sum of f (u) over all u such that u = t. The sum in (22) should be interpreted keeping in mind that only countably many of the α(t) coefficients are nonzero. Now, Ω n has a convenient expression in terms of Bessel functions, namely
for t > 0 and Ω n (0) = 1, where J α is the Bessel function of the first kind with parameter α; this formula was first observed by Schoenberg [10] . Since all constraints in Lemma 3.1 are rotation-invariant, and since the autocorrelation function of a 1-avoiding set satisfies these constraints, then also its radialization satisfies all of them. Then, using expression (22) forf and the constraints in Lemma 3.1, we may prove the following theorem that provides a way to compute upper bounds for m 1 (R n ).
Theorem 3.3. Let S be a finite collection of finite subgraphs of the unit-distance graph in R n and let C be a finite collection of finite sets of points in R n . Suppose that numbers v 0 , v 1 , w G ≥ 0 for G ∈ S, and z C ≥ 0 for C ∈ C are such that
Then for every λ > 0 we have that m 1 (R n ) ≤ max{λ, ζ(λ)}, where
Proof. If m 1 (R n ) ≤ λ, then we are done. So suppose m 1 (R n ) > λ. Consider now the following linear programming problem with infinitely many variables:
Here, it should be understood that only countably many of the α(t) may be nonzero. Let now A ⊆ R n be any measurable and periodic 1-avoiding set with density at least λ. Such a set exists because m 1 (R n ) > λ and periodic 1-avoiding sets can have densities as close to m 1 (R n ) as we like (cf. §1.1). Let f be the autocorrelation function of A and let α(t) be the coefficients of the expansion (22) off /f (0), wheref is the radialization of f . Then α is a feasible solution of the linear program above, as can be seen directly from Lemma 3.1 by using expansion (22) off /f (0) and the fact that A has density at least λ. Now, notice that 1 A (0) = δ(A) = f (0), and
, and we see that the optimal value of (23) is at least δ(A). Since this is true for any measurable and periodic 1-avoiding set of density at least λ < m 1 (R n ), we see that the optimal value is an upper bound for m 1 (R n ). The result now follows from a weak duality argument, in direct analogy to finitedimensional linear programming. Indeed, if v, w, and z are like in the statement of the theorem and α is a feasible solution of (23), then recalling that Ω n (0) = 1 we have
where to go from the first to the second line we exchange the summations and use the fact that α is feasible for (23).
In the remainder of this section we will show how one can look for good collections S and C. Our approach for this is experimental. We then give explicit values for v, w, and z and show how it can be verified that the conditions of Theorem 3.3 are satisfied, so that a bound can be given.
3.1. Applying Theorem 3.3 for the Euclidean plane. The best upper bound that can be achieved with Theorem 3.3 taking S = C = ∅ is 0.287 . . ., thus worse than the bound of 2/7 ≈ 0.285 coming from the Moser spindle. By taking as S a few equilateral triangles in R 2 , Oliveira and Vallentin [9] could provide an upper bound of ≈ 0.268, which was better than the previously known upper bound of ≈ 0.279 due to Székely [14] .
A further improvement can be obtained if one takes as S a few congruent copies of the Moser spindle. Let G be the Moser spindle as shown in Figure 1 , with the lower-left vertex placed at the origin. We then generate congruent copies of G of the form (24) (t, 0) + R(θ)G, where t ∈ R, θ ∈ [0, 2π], and
is a rotation matrix. We actually discretize the intervals [−4, 4] and [0, 2π] to get values for t and θ. Then we take as S all these copies of G. The next step is to solve the primal problem (23). An issue here is that we have infinitely many variables. The work-around is to pick numbers L > 0 and ε > 0 and then only use variables α(t) for t of the form kε ≤ L with k ≥ 0 integer.
By taking L = 200 and ε = 0.01 we get a first estimate of the bound, 0.26305. Note this is better than the bound of ≈ 0.268 using triangles. From the solution of the linear program, we can see that only a few of the constraints coming from copies of the Moser spindle are actually used; the rest may be discarded. Now we can try to add inclusion-exclusion constraints. Let α be an optimal solution of the discretized linear program and fix N > 0. Suppose we want to find a set C of N points in R 2 that minimizes the left-hand side of the inclusion-exclusion constraint in (23), in the hope that for some values of λ the constraint will then be violated. This we can do as follows. Since the inclusion-exclusion constraint is translation-invariant, we can assume that the origin belongs to C. Then we consider the other N − 1 points as variables in a nonlinear optimization problem, and we try to minimize the left-hand side of the constraint on such variables using some nonlinear optimization method.
This procedure will give us a set C of points. For every fixed λ > 0, we can add this constraint to (23) and solve the problem. The optimal value of the linear program will be a function of λ, say p(λ). Then we look for a value of λ such that λ = p(λ) by finding a root of p(λ) − λ using some numerical method. The idea is then that, if the discretization of the linear program is fine enough, this approach will provide an almost valid bound, that we can fix later by sacrificing only very little of the value.
This procedure can be iterated: We consider an optimal solution and find another set C of points that minimizes the left-hand side of the inclusion-exclusion constraint. And we repeat. After a few iterations, we start to reach the limit of this approach. In our experiments, we could only get results for N = 6. For other values of N we could not find violated constraints.
Then it is time to get a dual solution of the resulting linear program (23), which gives us numbers as in Theorem 3.3. These numbers will not satisfy the conditions of the theorem, but they will nearly satisfy them if our discretization was fine enough. Then we have to alter them a bit, verify that they satisfy the conditions, and see what bound they give.
Explicit values and verification.
We now present candidate values for v, w, and z as in Theorem 3.3 and then show how to modify these values slightly so that they satisfy the conditions of the theorem.
For us, S is composed of three copies of Moser's spindle, G 1 , G 2 , and G 3 given as in (24), corresponding to the following pairs (t, θ): The collection C we use is given in Table 1 . Table 1 . Collection C of point-sets used in our application of Theorem 3.3. Each of the sets also contains the origin (0, 0), so each set has 6 points.
We set the values of v, w, and z to: Here, w i is associated with graph G i in S, and similarly z i is associated with configuration C i ∈ C.
Recall that Ω 2 (t) = J 0 (t) and let
The conditions required of v, w, and z in Theorem 3.3 now translate to ϕ(0) ≥ 1 and ϕ(t) ≥ 0 for all t > 0. It is easy to check that ϕ(0) ≥ 1. How can we check that ϕ(t) ≥ 0 for all t > 0? The first step is to notice that This follows from the asymptotic formula for J α for α ≥ 0 (cf. Watson [15] , equation (1) in §7.21). So we see that lim t→∞ ϕ(t) = v 0 , and so ϕ(t) ≥ 0 for all large enough t.
We need an estimate on how large t has to be chosen and this we can get as follows. It is well-known that dJ 0 (t) dt = −J 1 (t). Now, let j 1 < j 2 < j 3 < · · · be the positive zeros of J 1 . By the above expression for the derivative, these are the local optima of J 0 . The local optima of J 0 decrease in absolute value (cf. Watson [15] , §15.31), that is
So, if we want to find an upper bound on the absolute value of J 0 (t) for t ≥ L, all we need to do is find the rightmost zero of J 1 in the interval [0, L] and compute J 0 at this zero. There are procedures to compute the zeros of J 1 to any desired precision.
Using this idea, we may check that for S and C as we have the absolute value of . This will not be the case: since our solution has been found numerically via sampling, it will be negative at some points. But it will only be slightly negative, and then adding a small number to v 0 will make it nonnegative everywhere.
So we have to lower bound the minimum of ϕ(t) in [0, L]. Recall that the derivative of J 0 is −J 1 . Since |J 1 (t)| ≤ 1/ √ 2 for all t ≥ 0 (cf. Watson [15] , equation (10) in §13.42), we can provide a rough estimate for |ϕ (t)|, namely |ϕ (t)| ≤ 75.9547 for all t ≥ 0.
Then the mean-value theorem implies that |ϕ(t 1 ) − ϕ(t 2 )| ≤ 75.9547|t 1 − t 2 | for every t 1 , t 2 ≥ 0. So if for ε > 0 we compute ϕ(t) for all t = kε/76 ≤ L with k ≥ 0 integer and get the minimum value computed, we can be sure of having computed the minimum of ϕ in [0, L] up to an additive error of ε.
Taking ε = 10 −4 , we obtain the conservative estimate that the minimum of ϕ in [0, L] is at least −0.00011. Adding this to v 0 we then get numbers v, w, and z that satisfy the conditions of Theorem 3.3. Now we look for λ ∈ [0, 1] such that ζ(λ) = λ for ζ defined as in the statement of Theorem 3.3. We get λ = ζ(λ) ≤ 0.258795, an upper bound for m 1 (R 2 ). We have attempted to include more constraints from Moser spindles after the 6-point configurations were added. This improves the bound slightly, but not much. Attempts to add more 6-point configurations have run into numerical trouble, and we could not derive a rigorous bound from such trials. They suggest that better bounds can be achieved, but we never managed to get below 0.257, which is probably the limit of this method.
The verification procedure we just described was implemented in a Sage [12] script that is available together with the arXiv version of this paper. It is a short program that can be easily checked by the reader. Numerical computations are still carried out to compute Bessel functions, but due to the simplicity of the code, one can have a high degree of confidence on the results obtained. A fully rigorous verification procedure would require the use of rational arithmetic and this would require Bessel functions to be computed up to good precision using rationals. This is not hard to implement, but in our view it is not necessary for the present result.
